


c , . -  

COMPRESSIBILITY EFFECTS ON FLUID ENTRAINMENT 

BY TURBULENT MIXING LAYERS 

By Jacques A. F. Hill and J a m e s  E. Nicholson 

Distribution of this  report  is provided in  the in te res t  of 
information exchange. Responsibility for  the contents 
r e s ides  in  the author or organization that prepared it. 

P repa red  under Contract No. NASw-601 by 
MITHRAS, INC. 

Cambridge, Massachusetts 

for 

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 

For sale by the Office of Technical Services, Department of Commerce, 

Washington, D.C. 20230 -- Price $1.50 



Section 

TABLE O F  CONTENTS 

Page 

SUMMARY . . . . . . . . . . . . . . . . .  1 

INTRODUCTION . 2 

WIND TUNNEL MEASUREMENTS . . . . . . . . .  3 

Basic  Technique . . . . . . . . . . . . .  3 

Gas Supply . . . . . . . . . . . . . .  5 

4 Model . . . . . . . . . . . . . . . .  

Wind Tunnel . . . . . . . . . . . . . .  5 

Flow Pat te rns  . . . . . . . . . . . . .  5 

Tunnel Contamination . . . . . . . . . . .  6 
Effects of Changes in Disc Sizes . . . . . . .  7 

Estimate of Accuracy . . . . . . . . . . .  7 

DATA REDUCTION . . . . . . . . . . . . . .  8 

8 Definition of Entrainment Coefficient . . . . . .  
Computation of the Flow Propert ies  a t  the 
Outer Edge of the Mixing Layer . . . . . . . .  10 

Transve r se  Curvature Correction . . . . . . .  10 

EXPERIMENTAL RESULTS . . . . . . . . . . .  12 

12 

Correlat ion of All the Data for Air and Helium . . 12 

Variation of c With Temperature  Ratio 
. q . Across  the Mixlng Layer . . . . . . . . . .  

REVIEW O F  MIXING LAYER THEORY . . . . . . . .  13 

Basic  Equations . . . . . . . . . . . . .  13 

Eddy Viscosity Formulas  . . . . . . . . . .  16 

Solutions of the Diffusion and Energy Equations . . 14 

Transformation of the Equations of Continuity and 
Momentum to an  Ordinary Differential Equation . . 17 

Integration of the Momentum Equation . . . . .  18 

Results: Velocity Prof i les  . . . . . . . . .  20 

Results: Shape P a r a m e t e r s  . . . . . . . . .  21 

iii 



? 

Section 

COMPARISON O F  RESULTS WITH OTHER 
MEASUREMENTS . . . . . . . . . . . . . .  

Spreading P a r a m e t e r s  Determined 
F r o m  Profi les  . . . . . . . . . . . . .  
Relation Between Rate of Growth and 
Entrainment Coefficient . . . . . . . . . .  
Results for Incompressible Flow . . . . . . .  
Results for Compressible Flow . . . . . . .  

CONCLUSIONS . . . . . . . . . . . . . . .  
APPENDIX A . . . . . . . . . . . . . . .  

Symbols . . . . . . . . . . . . . . .  
APPENDIXB . . . . . . . . . . . . . . . .  

Transformation of the Equation of Motion for a 
Conical Mixing Layer to  Two-Dimensional F o r m  . 

APPENDIX C . . . . . . . . . . . . . . . .  
Correction of Mixing Layer  Growth 
Measurements Obtained in a Round J e t  . . . . .  

APPENDIXD . . . . . . . . . . . . . . . .  
Application of the Howarth -Dorodnitsyn 
Transformation to Mixing Layers  in 
Compressible Flow . . . . . . . . . . .  

REFERENCES . . . . . . . . . . . . . . .  

22 

22 

23 

23 

24 

26 

41 

41 

43 

43 

46 

46 

48 

48 

50  

iv 



Figure 

LIST O F  ILLUSTRATIONS 

Page 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

Schematic of half-jet flow . . . . . . . . .  28 

Schematic of measurement  technique. . - - - 29 

Wind-Tunnel model . . . . . . . . . . .  30 

Schematic of gas supply system . . . . . . .  31 

Mach- and Reynolds-number range of 
the measurements  . . . . . . . . . . .  32 

Schlieren photograph of a i r  injection a t  Moo = 4 - 33 

separated region; M a r  4 . . . . 34 

Flow propert ies  at the outer edge of the mixing 
layer  plotted against  s ta t ic  pressure  in the 

Entrainment coefficient, cq, plotted against  
t empera ture  ra t io  Te/Ti fo r  fixed values of 
the Mach number,  Me. . . * - 35 

0.4 , Reduced entrainment coefficient, cq (Ti/Te) 
plotted against  the static-to-total temperature  
ra t io ,  Te/Tte, of the external s t r eam 36 

Summary plot of the correlation of a l l  the data 
by the fo rmula  (12) . . 0 - 37 

Comparison of profiles calculated with various 
values of N (equation 26) with m, -asurements  
a t  M = 2.76 . . . . . . . . . . . . . .  38 

Reduced shape parameter  B (Te/Ti )Oo5 '  plotted 
against  the total-to-static temperature  ratio,  
Tte/Te, of the external s t r eam,  air inject ion.  . 39  

Spreading parameter  v9& plotted against Mach 
number f o r  the isoenergetic flow of a i r  into a i r ;  
comparison of equation (57) with other measure-  
ment s . . . . . . . . . . . . . . .  40 

V 



. 
L 

COMPRESSIBILITY EFFECTS ON FLUID 

ENTRAINMENT BY TURBULENT 

MlXING LAYERS 

SUMMARY 

Fluid entrainment by super sonic turbulent mixing layers  has  been 
measured on a wind-tunnel model over a wide range of Mach numbers and 
ra t ios  of the densit ies of the moving and stationary fluids. 

The wind-tunnel model consisted of a forward-facing spike on a 
flat-faced cylinder. 
conical region of separated flow bounded by a constant-pressure mixing 
layer. 
attachment l ine,  it was possible to supply fluid to the separated region at 
the same ra t e  at which it was entrained by the mixing layer. 
ment coefficient of the k i x i n g  layer  could thus be calculated by metering 
the fluid supplied. 

In the supersonic a i r s t r e a m  this geometry generated a 

By detecting whether o r  not there  was any recirculation at the re -  

The entrain- 

Supplying both air and helium t o  the mixing layer ,  i t  was found 
empirically that all the data could be correlated by the formula 

2 -0.67 c = 0.049 (2 ) O o 4  (1 t Me ) q Pe 

within f 10 percent. (Symbols a r e  defined in Appendix A.) 

Numerical calculations of mixing-layer profiles have been made in 
order  to allow a comparison of these measurements with the values of the 
spreading parameter ,  c r ,  quoted in  the l i terature.  Three different laws were 
considered for the effect of compressibil i ty on the formula for the eddy 
viscosity. One was rejected f o r  yielding profile shapes inconsistent with ex- 
periment and the other two gave nearly identical resul ts .  

F o r  the case  of isoenergetic entrainment of air by a i r ,  the only case  
fo r  which other data a r e  available, the measurements and calculations reported 
have predicted that cr increases  with Mach number according to the formula 

2 0.29 
c r o c ( 1 t q  M )  

This resu l t  falls  somewhat below most of the other data available. 



IN TROD U C T ION 

When one s t r e a m  of fluid flows over another moving a t  a different 
speed, a mixing layer  forms  a t  the interface in much the same way a s  a 
boundary layer  forms  in the flow over a solid surface.  Like the flow in 
a boundary layer,  the flow in a mixing layer  i s  a shear  flow and i t  may 
be either laminar  or turbulent, according a s  the Reynolds number is low 
o r  high. 

The investigation reported he re  i s  concerned with a special  c l a s s  
of turbulent mixing layers  in which one of the fluid s t r e a m s  i s  a t  res t .  
The classic  example of this kind of flow i s  often called the half-jet and 
i s  formed f r o m  the separating boundary layer  of the flow issuing f r o m  a 
nozzle into a quiescent gasI  a s  i l lustrated in Fig.  1. The cases  con- 
s idered he re  include some in which the flowing and quiescent gases  a r e  
different. 

The low speed half-jet flow has  been the subject of severa l  analyt- 
ical  investigations, of which the f i r s t  was conducted by Tollmien (Ref. 1) 
in 1926. The basic features  of this flow a r e  

1) the flow i s  se l f - s imi la r ;  the velocity profile 
shape is invariant along the layer  

2) the r a t e  of increase  of the width of the layer  
i s  l inear 

3 )  fluid i s  entrained f r o m  the quiescent side of 
the layer  a t  a ra te  which i s  invariant along 
the layer  

The analytical t reatment  requi res  some empir ical  assumption 
about the relation of the turbulent shear  s t r e s s  to the local velocity 
gradient. Various assumptions have been used, a l l  which lead to approxi- 
mately the same velocity profile shape. 
s t r e s s  contains a constant which the theory leaves undetermined s o  that its 
value must be determined f r o m  experiment. This constant appears  both 
in the formula for the ra te  of growth of the layer  and in that for  the r a t eo f  
fluid entrainment f r o m  the quiescent side. It a l so  appears  in the scaling 
law for the self-s imilar  profile and is  most  often determined in t e r m s  of 
the scale factor which gives the best  f i t  of the measurements  to  this 
p r  of i le. 

Any expression for  the shear  

Analyses of the mixing layer  in compressible flow require  a 
further assumption about the influence of the density variation a c r o s s  the 
layer  on the shear  s t r e s s .  
gested and used for calculations. 
i r i v & r k f i t  azd must  he determined by a se r i e s  of experimental  measurements  

At leas t  th ree  different  formulas  have been sug- 
The empir ical  constant i s  not necessar i ly  
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covering the full range of i n t e re s t  of the basic flow pa rame te r s  such a s  
Mach number,  temperature  ra t io  a c r o s s  the layer ,  and s o  on. 

On the experimental  side, there  have been about half a dozen in- 
vestigations of the incompressible half-jet since 1926. 
basic constant determined f rom these measurements  ag ree  within about 
f 10 percent. 

The values of the 

A summary  of the available data for compressible  flows has  been 
published by Maydew and Reed (Ref. 2). 
sented extends a lmost  up to M * 3. 
on the scope of the data, however, 

The range of Mach numbers r ep re -  
There  a r e  two significant res t r ic t ions 

a)  both the flowing and quiescent fluids a r e  air  

b) the flows a r e  a l l  isoenergetic; the total  enthalpy 
of the flowing s t r e a m  i s  equal to that of the 
quiescent air. 

WIND TUNNEL MEASUREMENTS 

Basic Technique 

This investigation of turbulent mixing l aye r s  was based on measure-  
ments of the rate of fluid entrainment f rom the =dead-watero region 
adjoining the inner edge. This was in contrast  to the commonly-used method 
of measuring velocity prof i les  and fitting them to a theoretical  curve. Either 
kind of measurement  can be analyzed equally well to  supply the undetermined 
empir ica l  constant in a theoretical  treatment of turbulent mixing layers. 

F igure  2 is  a schematic i l lustration of the flow geometry used. A 

The mixing layer  con- 
spike was used to c rea t e  a conical region of separated flow ahead of a flat- 
faced cylindrical  model mounted in a wind tunnel. 
stituted the conical surface separating the "dead-watern region on the inside 
f r o m  the supersonic flow on the outside. 
region f r o m  a metered  supply outside the tunnel through small perforations 
in the hollow spike. 

Gas was supplied to  the separated 

The technique fo r  measuring the rate  of fluid entrainment was 
similar to that used by Ricou and Spalding (Ref. 3)  in their  investigation of 
fluid entrainment by fully developed turbulent jets. 
technique is the detection of the condition that the gas  supplied to the separated 
region exactly matches the amount entrained by the mixing layer. 
by Chapman (Ref. 4) and others ,  the flow will adjust  itself to the ra te  of fluid 
injection. 
and some of the fluid in the layer  will recirculate  back into the separated 
region. 
the body and some of the injected gas  will escape f r o m  the separated region 

The essence  of this 

As described 

If too little is injected, the mixing layer  will reat tach to  the body 

If too much is  injected, the mixing layer will be blown entirely off 
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. 
by flowing back along the body under the mixing layer. 
both recirculation of fluid into and escape of fluid f r o m  the separated region, 
it i s  possible to  adjust  the gas  supply so  that neither occurs  and the entrain- 
ment by the mixing layer  is matched. A pair of Stanton tubes on the face of 
the model, installed as  described below, was used for  this purpose. 

Thus by detecting 

In addition to metering the total flow entrained by the mixing layer ,  
the wind-tunnel model was designed to measu re  the distribution of entrain- 
ment along the layer. F o r  this purpose three  d i sc s  were  mounted on the 
spike, as  shown in Fig.  2, dividing the separated region into four compart-  
ments. By constructing the hollow spike out of four concentric tubes, 
each compartment was provided with a n  individual gas supply. 

To measu re  the distribution of entrainment along the layer ,  each gas 
supply was individually matched to the r a t e  of entrainment f r o m  its own 
compartment. 
s e t  up this condition. A mismatch in any one compartment required in-flow 
o r  out-flow a c r o s s  one of the d iscs  and hence a p r e s s u r e  differential a c r o s s  
this disc. Adjustment of the flow ra tes ,  until a l l  the p r e s s u r e s  were  balanced, 
a s su red  the des i red  matching of injection to entrainment in each compartment. 

A pres su re  measurement  in each compartment was used to 

Model 

The basic wind tunnel model i s  shown in Fig. 3. The model is  com- 
pr i sed  of a spike of approximately 7.4 inches mounted on a 4.22 inch diameter  
body forming the altitude and base of a 16" cone. 
so that the conical displacement surface formed by the mixing layer  would be 
approximately 20". The region between the 20" conical t ip and the model was 
divided into four compartments by three thin c i rcu lar  discs.  

The spike length was chosen 

In o rde r  to  detect  the differential p re s su res ,  a s e r i e s  of p r e s s u r e  
probes were installed along a 10" conical ray f r o m  the model tip. 
similar manner,  one thermocouple was installed in each of the forward three  
compartments. 
f r e e  s t r eam air was not recirculating into the dead-air  region formed by 
isolating discs. 
temperature  differed greatly f r o m  the injected gas  temperature.  

In a 

The thermocouples served as a n  additional indication that 

This measurement  was of value when the tunnel recovery 

A pair  of Stanton-tubes was mounted on the model face, one pointing 
inward and one outward, along a radial  ray. When gas  recirculated into the 
last compartment, the outward facing tube detected a grea te r  p r e s s u r e  than 
the inward facing tube. 
t o  the mixing layer. 
isolating d i sc s  and the pair  of Stanton tubes, the entrainment requirement  of 
the mixing layer  was satisfied exactly. 

The converse was t rue  when too much gas  was supplied 
When there  was no p r e s s u r e  difference a c r o s s  the three  

The basic  th ree  isolating d iscs  were  located along a 13" conical ray  
angle. Two se ts  of r ings were  used to inc rease  the d isc  angle to 14' o r  15". 
During the wind tunnel program all th ree  d isc  sets were  used to determine 
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the effect of d i sc  s ize  on entrainment rate. 
had a l a r g e  effect on the entrainment coefficient whereas  the entrainment 
coefficient was invariant when the smal l  and medium se t s  were used. 
The effect of d i sc  s ize  was most  apparent at  the low Mach numbers with 
the helium injectant. 
angle that the isolating d i sc s  actually protruded into the f r e e  layer  and 
in te r fe red  with its growth. 

In general ,  the 15" disc  se t  

The helium-air mixing layer  spreads  at such a la rge  

The injectant was supplied to the mixing layer  f r o m  a series of 
holes dr i l led in the supply tube f o r  each compartment. 
a r ranged  so that the gas  distribution f rom the supply tube increased l inearly 
with distance back f rom the t ip  cone. 
supplied per  unit cone area.  

These holes were  

That is, equal amounts of gas  were  

Gas Supply 

During the test program, nitrogen, helium, and sulphur hexafluoride 
were  injected into the conical dead-air region. 
t h ree  forward compartments was measured by a flowmeter sys tem com- 
pr i sed  of three Fischer  -Por te r  Flowrators and associated plumbing. 
gas supply system is shown in Fig. 4. 

The gas  supply r a t e  to the 

'The 

Nitrogen was obtained f rom laboratory supply tanks. Helium was 
delivered f r o m  an  80,000 SCF tank truck. 
f r o m  a bank of cylinders containing liquid SFg. 

Sulphur hexafluoride was available 

Wind Tunnel 

The t e s t  p rogram was conducted in two closed circui t  wind tunnel 
facil i t ies at the NASA Jet Propulsion Laboratory. 
t h ree  Mach numbers  in the 21-inch hypersonic wind tunnel (HWT) and at 
two Mach numbers in the 20-inch supersonic wind tunnel (SWT). 
of test conditions (Reynolds number versus  Mach number) a r e  shown in Fig. 5. 
The range of t e s t  var iables  are  given in  Table I. Both tunnel stagnation tem- 
pera ture  and p r e s s u r e  were  var ied when possible. The tunnel running con- 
ditions were  fixed by the hea ter  l imi t  f o r  maximum Tt and by the condensation 
limit fo r  minimum Tt. 

Tes t s  were  conducted a t  

The range 

Flow Pa t t e rns  

F igure  6 is  a schl ieren photograph of a run  in which air was injected 
The mixing layer  is c lear ly  visible in  the lower half of the pic- at Mt = 4.0. 

t u re  and the beginning of transit ion is  indicated by the change f r o m  a thin l ine 
to  a fuzzy region growing m o r e  rapidly. 
complete until the flow passes  the first disc,  where the rate of spread of the 
mixing layer  reaches  its final value. 

I 
Transit ion does not appear  to  be 
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TABLE I 

WIND TUNNEL TEST PARAMETERS 

T. 

MC To("F)  P0(cm) e DISC 
RANGE RANGE RANGE GAS SIZE 

"T 
TUNNEL MT 

1. 48 1. 1 95 35- 40 .86 N ,  H M 
2. 61 2. 1 100 36- 73 . 60- . 64 N,H,SF6 SI M, L 

4.04 3.0 340-820 110-215 . 52-1.00 N,H,SF6 S ,  M 
6.07 4.0 335-690 900 . 41- . 57 N,H,SF6 S, M, L 

9. 63 4. 8 1195 3300 . 58- . 60 N S .  M 

Because the displacement effect on the outer flow i s  much l a rge r  
for the turbulent layer  than for  the laminar  one, the effective cone angle 
changes over the transition region. The photograph shows weak shock 
waves emanating from the region around the f i r s t  d i sc ,  where the corner  
in the effective cone surface i s  concentrated. This has  implications for 
the data reduction in that the flow i s  not s t r ic t ly  conical or se l f - s imi la r  
all the way f rom the tip. 

The effect of the initial laminar  run on the entrainment coefficient 
can be shown to be small ,  both by a theoretical  es t imate  and by comparing 
the data f rom the second and third model compartments.  

The discontinuity in cone angle, of course,  implies a discontinuity 
in the flow conditions external to the mixing layer.  This i s  smal l  enough, 
however, that the relationship between p res su re  and s t r e a m  density in the 
external flow i s  st i l l  locally valid. In other words,  data f r o m  the second 
and third compartments can be reduced a s  i f  the flow were  conical all the 
way to the tip. 

Tunnel Contamination 

Because both wind tunnels were  closed circui t  facil i t ies,  the foreign 
gas injectant served to contaminate the flow. Exchange air was pumped into 
the tunnel to replace the tunnel flow lost  f r o m  the high p res su re  sections. 
The exchange air was the only means of controlling the level of the foreign 
gas during the test. Samples of wind tunnel air were  taken af te r  many 
minutes of injecting the mixing gas and were  analyzed for  foreign g a s  content. 
The steady s ta te  level of the helium was found to be 3 . 3  percent by m a s s  and 
the level of the SF6 was measured to  be 3 4 . 6  percent by mass.  The effect 
of helium contamination on tunnel performance was checked and found to  be 
negligible whereas the tunnel operation was seriously affected by the SF6. 
Consequently iile S F 6  data i i ;as  ; ~ = t  reduced. 
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Effects of Changes in Disc Sizes  

The purpose of constructing the model s o  a s  to allow for  the use  of 
t h ree  different d i sc  s izes  was to make it possible to obtain high sensitivity in  
the detection of axial  flow without interfering with the natural  development of 
the mixing layer. The la rges t  d i sc  size which avoids this interference is  the 
optimum, since i t  confines the flow a c r o s s  any d isc  to  the smal les t  allowable 
area. In the absence of any previous use  of this technique, a t r ia l -and-er ror  
procedure was the only one available fo r  seeking such an  optimum. 

It was found in the wind-tunnel tes ts  that all th ree  disc  s izes  provided 
adequate sensitivity. With all th ree  it was possible to  detect  small  enough 
axial  flows that the individual gas supplies could be repeatedly se t  to  within 
the leas t  count of the flowmeters. 

As for  the lack of interference with the natural  entrainment process ,  
it was found in  tes t s  with air injection that data obtained with the smal l  
and medium d i scs  agreed  whereas those obtained with the la rge  d i sc s  were  
significantly different. This is i l lustrated in Fig. 10 in which a l l  the data 
a r e  plotted in  t e r m s  of the correlating function derived below. Also evident 
f r o m  this f igure is the apparent interference of medium d i scs  with natural  
entrainment when helium was injected a t  the two lowest Mach numbers. 

In view of the data correlat ion shown in Fig. 10 between resul ts  
obtained with the small  and medium d i scs ,  it may be concluded that these 
d i sc s  did not in te r fe re  with natural  entrainment and that the data obtained 
with them correct ly  descr ibes  the behavior of f r e e  turbulent mixing layers.  

Est imate  of Ac curacy 

F o r  each data point obtained in  this investigation it was necessary  to 
match the gas  supplied to  each compartment to the amount entrained by the 
mixing layer.  At a number of t e s t  conditions a measurement  of the uncer-  
tainty involved in this matching procedure w a s  obtained by repeating it 
severa l  t imes  without changing the t e s t  conditions. It was found to  be of 
the order  of f3 percent with no significant variation over the range of 
experimental  conditions. 

The accuracy of the computed entrainment coefficients depends on 
the accurac ies  of the measurements  of both mass  flow, 151, and external  
m a s s  velocity, peue. 

The manufacturer ' s  specification of the flowmeter accuracy is  
f 2  percent of full scale ,  which amounts to  f 4 percent of the average  scale 
readings in  these  tests.  

The external m a s s  velocity i s  computed f rom the rat io  of the p r e s s u r e  
measured  in the separated region, pCa to the tunnel s ta t ic  p re s su re ,  pCd The 

* 
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inaccuracy in the fo rmer  p r e s s u r e  i s  
i s  much larger than that in the tunnel 
Fig. 7 that the conical-flow equations 

estimated to be about 2 3 70 which 
pressure.  
predict  a much smal le r  value for  the 

It can be seen f r o m  

resulting inaccuracy in mass velocity, PeUe l e s s  than +1  70. However, a s  
mentioned above in the discussion of flow pat terns ,  the flow i s  not s t r ic t ly  
conical, due to the initial laminar  flow in the mixing layer. The estimated 
e r r o r  in  assuming a t rue  conical flow inc reases  with Mach number f r o m  a 
negligibly small  value at M = 1.5 to about 2 8 %  at M = 9.5. 

A fur ther  source of e r r o r  in the quoted resul ts  i s  the uncertainty in 
the t ransverse  curvature  correction, discussed below. Estimating this to  
be possibly as  la rge  as 5070 of the correct ion yields e r r o r s  of the order  of 
10% at M = 1.5 and of 670 a t  M = 9.5. 

The density, pe ,  in the s t r e a m  adjacent to the mixing layer  i s  com- 
puted, like the external mass velocity, peue, f r o m  a p res su re  measurement  
in the separated region. As i l lustrated in Fig. 7 it i s  affected m o r e  strongly 
than the s t r e a m  density by e r r o r s  in pc/poo. The fractional uncertainty in 
density ra t io  is  of the order  of the uncertainty in the p re s su re  measurement  
or  about f3 70. The uncertainty in the measurement  of the tempera ture  
a t  the inner edge of the mixing layer ,  Ti ,  is estimated a t  about + 1  70 ,  
while the possible e r r o r ,  due to imperfect  mixing, i s  estimated at 
about It 2 70 

These various e r r o r s  and uncertainties a r e  summarized in Table I1 
on the following page. 

The uncertainty in the parameter  plotted in Fig. 10 is thus estimated 
to be roughly +5 70,  which i s  consistent with the scat ter  in the data a t  any 
fixed Mach number. 

The possible inaccuracy in the correlated data,  af ter  the uncertain- 
ties have been averaged out, is  thus estimated to  be roughly t 10 70. This 
i s  approximately equal to the inaccuracies  found in the more  conventional 
method of measuring mixing layer  growth, using profile measurements.  

DATA REDUCTION 

Definition of Entrainment Coefficient 

The rate, A ,  at which gas  was entrained into the mixing layer  f r o m  
the dead air region was measured direct ly  by the flowmeter sys tem,  for 
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the f i r s t  th ree  compartments of the model. The mass entrained per unit 
surface a r e a  wa-s computed a s  

0 

m 
A 

G = -  

where A denotes the la te ra l  a r e a  of the conical f rustum included between 
the appropriate  pair  of discs. The cone angle used in the computation of A 
was the bas ic  16" defined by the tangent f rom the spike t ip  to  the shoulder 
of the model face. 

cq'  , was A non - dimen s i onal mea su r  ed ent rainment c oeff i ci  ent 
defined by dividing G by the m a s s  velocity, peuey of the supersonic flow at 
the outer edge of the mixing layer. 

TABLE I1 

ERROR 

M T =  1 . 5  

Matching gas  supply 
to  mixing layer scavenging 

Flowmeter mea  sur ement 
of r;; - + 4% 

Extcrnal m a s s  vrlocity < 1% 

Transverse  Curvature 

UNCERTAINTY - _- 

MT = 9 . 5  Al l  M 

- t 3 %  

- -t 4% 

* 4 %  - t 1% 

__-___ - + 10% - t 67" --- - Correction --__ 

Entrainment coefficient C - t 11% f 3% a 

External temperature Te < 1 %  f 4% - -t 3% 

* 270 - t 2 %  2 1% Internal temperature T .  
- - 

CORRELATION PARAMETER 
O F  FORMULA (12) f 11% - t 9% * 5% - ~ - -  -- - 

\ 
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Computation of the Flow Prope r t i e s  
a t  the Outer Edge of the Mixing Layer  

The m a s s  velocity peue along the outer edge of the mixing layer  
was determined by measuring the cone static p re s su re .  
exists for each f r ee - s t r eam Mach number between the rat io  of propert ies  
a t  the edge of a conical sur face  and the f r e e  s t r eam propert ies ,  
ample of this is  given in Fig. 7 where the rat io  of cone to f r ee - s t r eam 
density is presented in t e r m s  of the p re s su re  rat io  p /pm. 

A unique relation 

An ex-  

C 

The s ta t ic- temperature  ra t io  Te/ T, is  a l so  uniquely determined 
by the pressure  ra t io  pc/pcc and this relationship is a l so  i l lustrated in 
F ig .  7. Since the total temperature  is conserved a c r o s s  the conical shock, 
the  Mach number a t  the outer edge, Me, may be computed from the ra t io  

Te/Tte 

Note that a l l  these computations of flow propert ies ,  external  to the 
mixing layer ,  do not requi re  any assumption about the effective cone angle. 
The various rat ios  a r e  determined s t r ic t ly  f rom a measurement  of the cone 
pressure  and a knowledge of the f r ee - s t r eam Mach number.  
cone a n g l e  can be derived, also.  

The effective 

The free - s t ream flow propert ies  were  determined from the tunnel 
calibration and p r e s s u r e  and temperature  measurements  in the stilling 
section for each run. 

Transverse  Curvature Correction 

It is shown in Appendix A that the equations of motion for a thick 
conical mixing layer  can be reduced to the same  differential equation a s  
those for two-dimensional flow. There  is, however, a difference in the 
expressions for the entrainment coefficient. 
basic  differential equation ( 3  5) the entrainment coefficient in a two-dimen- 
sional flow is 

In t e r m s  of the solution of the 

- f ( -  w )  
2 u  c =  

q 

whereas in  the conical flow i t  is 
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It i s  a l so  shown that an application of Prandt l ' s  (Ref.  5) basic formula 
for the eddy viscosity to both mixing layers leads to the relation 

c r ' = 2 u  ( 5 )  

and thus defines the rat io  of entrainment coefficients in the two flows 
as  

As defined in  Appendix A, y. and y a r e  the radii  of the inner and 
In a conical flow their  ra t io  is constant 1 0 mean sur faces  of the mixing layer.  

and approximately equal to  

where b is the width of the layer 

s o  that 

1 t -  = l t  
2 Y  i 

0 .  8 7  B c 
q 

in t e r m s  of the shape parameter  

( 7 )  

In this flow 

(9)  

B defined in equation (48).  The value . .  
of B depends on the Mach number of the external flow and the temperature  
ra t io  a c r o s s  the l a y e r  and i s  given for a i r  and helium injection by the 
formulas (49) and ( 50) .  

All the measured values of cql have been cor rec ted  for this t r a n s -  
ve r se  curvature  effect by dividing them by ( 1 + 0.  87 B c q ' , ) .  
quoted in the following discussion thus apply to two-dimensional flows. 
All previous measurements  quoted in the l i terature a r e  for two-dimensional 
flows and thus directly comparable.  

The resu l t s  
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EXPERIMENTAL RESULTS 

Variation of cq with Temperature  
Ratio Across  the Mixing Layer  

In Fig. 8 the entrainment coefficient cq has  been plotted versus  
There  a r e  three the temperature  ra t io  a c r o s s  the mixing layer  TJTi. 

s e t s  of data, each one corresponding to a fixed value of the Mach number.  
Two of these se t s  are for air entrainment and the other for helium. 

The straight l ines shown represent  the bes t  f i t  which can be ob- 
tained keeping the slopes equal. They represent  expressions of the f o r m  

and fit the data quite wel l .  

There is no systematic  influence of Reynolds number,  which var ies  
over a range of about 3 to 1, on the resu l t s .  
developed turbulent mixing layer .  

None is  expected for a fully 

Correlation of all the Data for Air and Helium 

In Fig .  9 the variation of c 

Mach-number parameter  Te/T te. 
represented. 

with Mach number has  been isolated 

All the data for a i r  and helium a r e  
f rom the effects of temperature  ra  9 io by plotting cq (Ti/Te) 0.  4 versus  the 

The best  straight-l ine fit to the a i r  data is  

0 .  4 0 .  67 
c = 0 . 0 4 9  [::I [g] 

te q 

The helium data can be fitted with a paral le l  s t ra ight  line displaced by an 
amount corresponding to the ratio 

c 1 O o 4  

molecular weight of air L I 
I . 

i molecular weight of helium 

-4 

12 



This means that all the data for both gases can be represented by the 
formula 

The degree to which this expression fits the data is i l lustrated in 
Fig. 10 where the parameter  

h a s  been plotted ve r sus  Mach number. Except for  some measurements  
obtained with d iscs  which were  too la rge ,  a l l  the data fall within f 1 0 %  
of the constant 0.049. 

REVIEW O F  MIXING LAYER THEORY 

Basic Equations 

The following assumptions may be  made in  the theoretical  investi- 
gation of the particular class of mixing layers  of i n t e re s t  in the present  
res e a r  ch: 

(a) z e r o  p r e s s u r e  gradient along the layer  

(b) z e r o  velocity along the layer  a t  the inner edge 

(c)  non-reacting perfect gases  

(d) turbulent Prandt l  and Lewis numbers equal to unity 

Expressing the turbulent terms in  t e r m s  of the eddy-viscosity 
concept, we may wri te  the governing equations for  two-dimensional 
flow as follows: 

(P.) = 0 (continuity ) (13a) 
a a - ax (PU)  t ay 

(momentum) 
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aH aH a aH = - ( p €  - )  pu - t pv - 
a Y  ax a Y  a Y  

(diffusion) (13c) 

Similar equations for ax isymmetr ic  flow a r e  discussed in Ap- 
pendix B. 

Solutions of the Diffusion and Energy Equations 

Inspection of the las t  t h ree  of the se t  of equations above shows that 
c and H must  be l inear  functions of u. These functions must  be writ ten 
to satisfy the boundary conditions; 

a t  the inner edge 

h = H i * c  pi Ti u = o  c = l  

at the outer edge 

u = u  c = o  H = H  = c  T ( l t e  M 2 )  e e Pe e e 

(1 5) 

Therefore,  

(16) 
U 

U 
c = l - -  

e 

U H 2 Hi t (He - Hi) u 
e 

Noting that H = h t 1/2 u2, the s ta t ic  enthalpy profile may be writ ten 

h h hi t ( 1 - c  + +  M 2 ) u  e U iT=c e e e e 

2 u 2  -+ M e (r) 
e 
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The molecular weight and specific heat  of the binary mixture a r e  

and 

- 
U 

me - mi m e - m  r i t  

i 

c = l  t ' 1  - - me - =  1 t m 
mi lVzi ue j 

Writing 

and 

we may express  the density ra t io  

4. 

1 t Ac -r ( 1  - u") 
P 

.I_ 

where u"' = u/ue. 
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' I  
i 

Eddy Viscosity Formulas  

Before the momentum equation can be integrated to obtain the 
velocity profile,  the variation of E , the kinematic eddy viscosity co- 
efficient along and a c r o s s  the layer  must be known. 
flow, Prandtl 's  (Ref. 5) formula 

F o r  incompressible  

E = kbu ,  (24) 

i s  generally accepted. 
and k i s  a universal  constant. Since, as  will be shown la te r ,  the 
growth of the layer  is l inear  i n  x, this may a l s o  be writ ten 

Here  b is  a measu re  of the width of the layer  

= ' O u e X  

The variation of E a c r o s s  the mixing layer ,  at a fixed value of X ,  

is  nil. 

In compressible  flowsI where the density var ies  a c r o s s  the layer ,  
it has  been suggested that E may a l s o  vary. 
been suggested, which may be writ ten 

At least three  formulas  have 

with 

N 0, 1, 2 

N e 0 p rese rves  the invariance of 6 a c r o s s  the layer  and 
has  been used by Crane (Ref. 6) and others. 

N ?I 1 corresponds to  an  invar ian t  dynamic viscosity Co- 
efficient and has  been suggested by Ferri (Ref. 7). 

N = 2 allows a convenient transformation by which the 
equations f o r  compressible  flow may be reduced to 
incompressible f o r m  and has  been suggested by 
Ting and Libby (Ref. 8). 

1 6  



. 

- 
d t P , ?  N - l  

j t 2 k 6 c -  t 1 - 1  
P I  

A d  

drl 
L - 

(3 2) 
where 6 defines the (constant) width of the layer in  the s imilar i ty  variable 

(33)  
ub 6 = -  
X 

~ _ _ _ _  - 

Transformation of the Equations of Continuity and 
Momentum to an  Ordinary Differential Equation 

The pair  of equations (13a) and (13b) may be reduced to  an  ordinary 
different ia l  equation, defining a self-similar flow, a s  follows. 

The new independent variable is 

Y q = u -  
X 

where (r is a n  undertermined spreading parameter.  
the layer  is thus l inear  with x. 

The ra te  of growth of 

The new dependent variable is a reduced s t r e a m  function 

I where 

at4 
ax and pv = - pu = - 

a Y  
so that the continuity equation is satisfied. 

The velocity components in t e r m s  of the new variables  are  
given by 

Peue  df 
pv = - Z a  (?Ti;; - f )  

and the momentum equation may be  written 
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I t  i s  convenient to  choose u so  as  to  obtain an  equation which i s  
f r e e  of all empir ical  constants. If 

1 
rJ=  - 

4k6 ( 3  4) 

the momentum equation becomes 

- 
-N-1 d r P e d f  11  = o  

1 -- Pe 
P dr) dT L P  - dr) I P dr) 

- d rpe  df 1 t -  d - 
1 -  - 2f - 

dT , 

( 3  5) 
which for incompressible flow reduces to 

2 f f "  t f" '  = 0 ( 3  6 )  

This last  equation has  been solved by GBrtler (Ref. 9) and yields the 
standard velocity profile for  the turbulent mixing layer  in  incom- 
pressible flow. 

The boundary conditions a t  the outer and inner edges of the layer  
a r e  

f '  (a) = 2 f '  ( - m )  = 0 (37 )  

A thi r d  boundary condition i s  required which se rves  to  locate the origin 
of the coordinate system. 
s t reamline so  that 

We choose h e r e  to  locate it on the dividing 

f(0) = 0 (38)  

Integration of the Momentum Equation 

The momentum equation (35) may be integrated fo r  all values 
of N by an  i terat ive procedure due to Chapman (Ref. 4). 
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* . 

The equation is  written in the form 

which integrates  immediately to  yield 

where 

A second integration yields 
n 

The solution i s  obtained by start ing with an  assumed profile u *(?) 0 f r o m  which 
* q  

f = 2 p " ~ "  dq (43) 
0 

can be obtained directly,  using the formula (23) for  p"(u*). 
satisfies f(0) = 0. 
puted as 

This automatically 
The first approximation to the co r rec t  profile is then com- 
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. 

with c1 and c2 calculated to give 

This process  i s  repeated start ing with u1* (q) and each successive approx- 
imation until the difference between two successive profiles becomes 
negligible. 

Solutions for the case  N = 2 can a l so  be obtained by simple quadratures  
f rom the incompressible solution, using the transformation of Ting and Libby 
(Ref. 8). 

The conditions required to specify a solution all appear in the formula 
.II 

(23) f o r  p".. They a r e  

a) 

b) 

c) 

d) 

Mach number of the external  flow Me 

temperature  ra t io  ac ross  the layer  T . / T  

specific heat ra t io  of the two gases  A c::: 

molecular weight ra t io  of the two gases  Am-'. 

i e  

p .L 

Solutions have been obtained on an IBM 7090 computer for a number of s e t s  
of these conditions covering the range of the experiments.  

Results: Velocity Prof i les  

The profile shapes obtained using different values of the exponent N 
in the eddy-viscosity formula (26)  exhibit increasing differences as  the Mach 
number increases  and compressibil i ty effects become pronounced. On the 
bas i s  of these differences par t icular  values of N may be accepted or  re jected 
a s  being compatible with experimental  evidence. 

In f ig .  11 the velocity profiles calculated with N = 0, 1, 2 a r e  corn- 
pared with the measurements  of Chrisman (Ref. 10) taken a t  M = 2 .76  in 
an isoenergetic flow of a i r  into air. 
data i s  known by the authors to be available. 

This is the highest value of M for which 

In order  to compare the various profile shapes they have been drawn 
to a common scale which corresponds to that of the standard solution for 
incompressible flow. 
t r an  s for mat  ion. 

Scaling has  been accomplished by applying a l inear 

(46) 
- 
q = a q t b  

to the '1 -coordinates of the various solutions for M = 2. 76. 
have been determined by plotting '1 (M = 2.76)  versus  q (M = 0) for  equal 
values of u/ue. 
w a s  used to fix a and b .  

The coefficients 

then A l inear f i t  to the points in the region 0.4 < U/Ue < 0.7 
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Referr ing to Fig. 11 we note that the compressibil i ty effects 
on profile shape a r e  not very la rge  a t  this Mach number. 
imental  points favor the profile corresponding to N = 0 but fit the 
incompressible profile a lmost  equally well. 
is far enough from the data that the corresponding eddy viscosity 
formula of Ting and Libby (Ref. 8) 

The exper -  

The profile for N = 2 

must  be regarded as inconsistent with these measurements .  

Results: Shape Pa rame te r s  

Further  discussion of compressibility effects on mixing-layer 
profiles is most  conveniently accomplished by introducing a suitable 
shape parameter ,  since an atlas of profiles for various values of Me 
and Ti  / Te would be cumbersome;  even more  s o  i f  binary mixing 
w e r e  to be  considered. 

A choice of shape parameter  which is useful in comparing our 
data with other measurements  is 

This parameter  essentially descr ibes  how fast the mixing layer  must  
grow in o rde r  to absorb  the r a t e  of fluid entrainment. 
on Me, Ti/Te, and the molecular weight and specific-heat ra t ios  of the 
two gases  which a r e  mixing a c r o s s  the shear layer.  

Its value depends 

Because the approach of the velocity profile to  z e r o  at the inner 
edge and ue at the outer edge is asymptotic, the definition of the width 
b, is somewhat a rb i t ra ry .  
locates  the edges at 

The choice which has  been made he re  

e e 
The spacing on the scale  between these two profile points defines 

6 for any solution of the equations of motion. 

Values of B have been computed from solutions of the differential  
equation (35) with both a i r  and helium as the scavenged g a s .  The ranges  
of Mach number and temperature  ra t io  covered a r e  somewhat l a rge r  than 
those of the experiments.  The values obtained with N = 0 and N = 1 were  
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found to agree  quite well with each other whereas those for N = 2 were 
significantly different. 
illustrated in Fig. 11, only the values for N = 0 and N = 1 a r e  presented. 

Because of this and the profile-shape resu l t s ,  

For  a i r  blowing over a i r  the resu l t s  of about 20  solutions have 
been correlated within & 5 percent  by the formula 

0. 51 0. 27 

B = 5.74 [%] [ %] (49) 

and this resu l t  is plotted in Fig. 12, illustrating agreement  of the solutions 
for N = 0 and N = 1. 

For a i r  blowing over helium the resu l t s  of about 20 solutions have 
been correlated within 2 10 percent by the formula. 

- 1 0 .45  - - 0.27 

COMPARISON O F  RESULTS 
WITH OTHER MEASUREMENTS 

All the other data on turbulent mixing layers  have been obtained 
by measuring profiles;  velocity profiles have been measured  with pitot- 
static tubes; and density profiles have been measured with interferometers .  
These profiles a r e  then fitted to theoretical  profiles and the scaling factor 
is used to determine the spreading parameter  Q. In order  to compare these 
resul ts  with ours  we have developed a method for determining values of u 
f rom measurements  of the entrainment coefficient c 

q' 

Spreading P a r a m e t e r s  Determined from Profi les  

The common practice in deducing values of u f rom profile measu re -  
ments is to adjust the scale  of the appropriate  theoretical  curve until the 
bes t  fit with the data points i s  obtained. 

Rosler (Ref. 11) has shown that equally good resu l t s  may be obtained 
by simply measuring the r a t e  of increase of the mixing layer  width. 
experimental measurements  of b versus  x a r e  fitted to a s t ra ight  line, 

If the 

b - iii ( X  f x0) (51) 
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the spreading parameter  is simply 

6 
m 

u =  - 

where 6 is  the theoretical  profile width on the r) scale. 

The choice of theoretical  profile to  which the measurements  may be 
r e fe r r ed  is somewhat a rb i t ra ry .  Given the appropriate binary mixture ,  
Mach number,  and tempera ture  ra t io  a c r o s s  the layer ,  t h ree  different 
values of 6 a re  available f r o m  the solutions with N = 0, 1, 2, discussed 
above. Fu r the r ,  as i l lustrated in Fig. 1 1 ,  the solution for  incompressible 
flow can be fitted quite well to measured profiles up to at least Me = 3 ,  so 
that a fourth value of 6 is  available. The values of IT quoted in the 
l i te ra ture  a r e  in fact  based on this last choice and are  obtained by fitting 
the measured prof i les  to the basic  theoretical solution for  incompressible 
flow, for  which 6 Y 2.56. To distinguish values of cr r e fe r r ed  to  this 
profile f r o m  the values which appear in the equations for  compressible  
flow, they will be denoted h e r e  by u*. 

Relation Between Rate of Growth 
and Entrainment Coefficient 

The measurements  we have obtained of entrainment coefficients, 
imply rates of growth of the var ious mixing l aye r s  which may be  cq’ calculated by means of the shape parameter ,  B, defined i n  equation (48). 

In any specific c a s e  

where B is  evaluated for  the appropriate flow conditions. I t  follows that 

4, 2.56 47 = - 
9 

B c  (54) 

Result  for  Incompressible Flow 

Equation (1 2), which co r re l a t e s  the resul ts  of our measurements ,  
yields for  Me 0 and Ti/Te = 1, 

c * 0.049 
9 

The corresponding value of 8 given by (54) i s  
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The values obtained f r o m  velocity-profile measurements  range f r o m  
UO" = 11 measured by Liepmann and Laufer (Ref. 12) to u0"* = 13.5 
measured by Reichardt (Ref. 13). 
has  been obtained by fitting the measurements  to  the older theoretical  
profile of Tollmien (Ref. 1) which d i f fe rs  slightly f rom the solution 
of equation (36). 

.- 
The generally quoted ao9' = 1 2  

A possible explanation of these discrepancies  l ies  in the dif- 
Liepmann and Laufer ' s  measurements  ferent  geometrical  situations. 

were  obtained in a two-dimensional flow whereas  Reichardt 's  were  
obtained a t  the edge of a round jet. The re  may be a t ransverse-curva-  
t u re  effect associated with the effectively wider (around the per imeter )  
low-speed and nar rower  high-speed region of the mixing layer  in the 
axisymmetr ic  case. 

The measurements  reported h e r e  were  a l s o  obtained with axially 
symmetr ic  geometry. 
Reichardt 's  since fluid was scavenged f r o m  the inner  side of the mixing 
layer. It turns  out that the value UO". = 9 obtained he re  i s  a s  much 
below the two-dimensional uo" = 11 a s  Reichardt 's  cro':' = 13.5 is above 
it. Since there  is  no other data on t ransverse-curva ture  effects of this 
kind, and any theory necessar i ly  contains an  empir ical  constant, i t  i s  
not possible to pursue this discrepancy further.  

The situation was "inside-out" with respec t  to 

-9. 

Results for  Compressible Flow 

Previously reported measurements  of compressibil i ty effects on 
turbulent mixing-layer growth have been limited to  the special  case  of 
isoenergetic flow of air into air. 
(11) and (49) may be written 

Here  Ti/Te = Tte/Te and Equations 

1.07 c = 0.049 (Te/Tte) 
q (55)  

0.78 B = 5.74 (Tte/Te) 

Substitution of these expressions into (54) yields a simple formula for  u"'; 
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for this special  c lass  of flows. In order  to isolate the compressibil i ty 
e f fec ts  f rom the uncertainties in the result  for incompressible flow the 
comparison of other data w i l l  be made with the function 12r"/tr'bwhose 
value a t  M = 0 is the generally quoted cr:k = 12. 
versus  Mach number is shown in Fig.  

A plqt of this  function 
13. 

/ 

Also shown in Fig. 13 are values of cr* deduced f r o m  measurements  
reported in the l i terature.  The resul ts  of Bershader  and Pai (Ref. 14) 
and of Gooderum, Wood, and Brevoort  (Ref. 15) were  obtained by compar- 
ing in te r fe rometer  measurements  with theoretical  density profiles and are  
quoted as published. The resu l t  of Chrisman (Ref. 10) has  been derived 
f r o m  h i s  measurements  of velocity profiles as plotted in  Fig. 11, The 
measurements  of Maydew and Reed (Ref. 12) have b&n reduced to  values 
of r* by the method outlined in  Appendix G, 
growth of the mean surface in  the mixing layer as well a s  the inc rease  in  
its width. 

which allows fo r  the conical 

As shown in  Fig. 13, all measurements  of 8 using profile measure-  
ments  in supersonic flows lie above the curve computed f r o m  our  measure-  
ments  of entrainment. No explanation for this  discrepancy has  been estab- 
lished. Part of the difficulty may be in the translation of the entrainment 
data into a curve 8, which involves a theory as  yet  unchecked by experi-  
ment. The theoretical  resu l t  fo r  the shape parameter  B i s  plausible be- 
cause the predictions of the two theories  with N = 0 and N = l agree. A 
conclusive check on the transformation f rom entrainment to w* could only 
be obtained f r o m  a simultaneous measurement  of velocity profiles and 
fluid entrainment. 

Finally, Fig, 13 includes a curve which descr ibes  the variation of 
IT* which can be developed f r o m  the special solutions for  the mixing l aye r  
profiles which apply when N = 2. As noted above, the assumption N = 2 
in the eddy-viscosity formula (26) allows the equations for  compressible  
flow to  b e  reduced to incompressible  f o r m  by the application of a Howarth- 
Dorodnitsyn t ransformation in Appendix D. This  t ransformation is  used 
to  develop a very simple formula f o r  the effect of compressibil i ty on cq, 
namely 

' Tte Ti c = c  
q 90 (58) 

for  the injection of air into air. 

Now for  the par t icular  c a s e  of the isoenergetic flow of air into air 
the variation with Mach number of the shape parameter  B obtained f r o m  
our  numerical  solution for  N = 2 is  
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only slightly different f r o m  the resu l t  (56). 
variation of u-'' is, therefore ,  

The corresponding resu l t  for  
4, 

as  shown in Fig. 13. The difference f r o m  the resu l t  (57) based on our 
measurements  i s  negligible. 

CONCLUSIONS 

1. 
the fluid entrainment ra tes  of turbulent mixing l aye r s  may be  measured 
directly. 

A new windamtunnel technique has  been developed by means of which 

2. 
be correlated with only two parameters .  
ex te rna l  s t r eam and the other is the density ra t io  a c r o s s  the mixing layer. 
All the measurements  obtained f i t  the formula. 

Entrainment of both helium and air over a wide range of conditions may 
One is  the Mach number of the 

- 40.4 - 7 -0.67 

within f 10 percent. 

3. In order  to  compare d i rec t  measurements  of fluid entrainment with the 
measurements  of spreading ra te  found in the l i t e ra ture ,  some information 
about the s t ruc ture  of the mixing layer  is  necessary.  I t  has  been shown that 
the information required may be simply expressed as  the value of a shape 
parameter  B, defined by equation (48). 

4. 
equations of motion fo r  the flow in  the turbulent mixing layer .  
tions have been performed with three  different formulas ,  for  the variation 
of eddy viscosity, a c r o s s  the mixing layer ,  corresponding to  N = 0,  1,  and 2 
in the expression 

Values of B for  given flow conditions may be found by integrating the 
Such integra- 
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The r e su l t s  obtained with N = 0 and N = 1 agree  with each other but differ 
f rom those with N = 2. The la t ter  value gives profile shapes which be- 
come more  inconsistent with measurements  a s  the Mach number is in- 
c reased;  the corresponding values of B have therefore  been disregarded. 
With N = 0 and 1 the resu l t s  for  a i r  and helium taken separately may be 
cor re la ted  by using the same  parameters  a s  for the entrainment coef- 
ficient cq. 

5. 
of air by air have been computed from the measurements  of cq and the 
calculations of B. 
somewhat below mos t  of the measurements  repor ted  in the l i terature .  

.I, 

Values of the spreading parameter  wT for the isoenergetic entrainment 

When these a r e  plotted ve r sus  Mach number they fall 
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Figure 6. Schlieren photograph of a i r  
injection at M = 4. 
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APPENDIX A 

Symbols 

b 

b 

C 

C -  
P 

9 

c '  
q 

f 

G 

h 

H 

k 

fi 

m 

C 

M 

MT 

N 

P 

T 

Tt 

U 

V 

X 

Y 

width of mixing layer  

shape parameter  defined by equation (48) 

mixing ra t io  by weight of foreign gas 

specific hea t  a t  constant pressure  

two-dimensional entrainment coefficient 

conical entrainment coefficient 

reduced s t r e a m  function, defined by equation (28 )  

mass flow per unit a r e a  

specific enthalpy 

1 2  total enthalpy, h t - u  2 

constant in  the eddy-viscosity formula (24) 

entrained mass flow ra t e  

molecular weight 

Mach number 

wind-tunnel Mach number 

exponent of the density ra t io  in  the viscosity law 

p r e s  s u r e  

tempe ra tur e 

to tal t e mpe r a tu r e 

velocity component paral le l  to the mains t ream in  the mixing layer  

velocity component perpendicular t o  the mains t ream in the mixing 
layer  

coordinate paral le l  t o  the mainstream 

coordinate perpendicular to  the mainstream 
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Y 

6 

E 

0 
E 

T 

P 

U 

crf 

u* 

* 

ratio of specific heats  

width of the mixing layer  expressed in t e r m s  of s imilar i ty  variable,  

eddy viscosity 

constant in the evaluation of eddy viscosity 

similari ty variable,  u- Y 
X 

density 

mixing-layer spreading parameter  in two-dimensional flow 

mixing-layer spreading parameter  in axisymmetr ic  flow 

mixing-layer spreading parameter  r e fe r r ed  to the theoretical  profile 
f o r  incompressible flow 

s t r eam function 

Sub s c r i p t  s 

03 

C cone- surface value 

e 

i 

f ree  s t r eam value 

a t  the outer edge of the mixing layer  

a t  the inside edge of the mixing layer  

Super scr ipt  

:: normalized quantity by reference to  the outer edge of mixing layer  
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APPENDIX B 

Transformation of the Equations of Motion fo r  a 
Conical Mixing Layer  to  Two-Dimensional F o r m  

Using the same assumptions a s  in the statement of the system of 
equations (13),  the equations of motion for an  axisymmetr ic  turbulent 
mixing layer  may be written 

a U  a U  i a  aU ay) t p v - z  - 
p' ax a Y  Y a Y  

ac  ac  1 a ac 
a Y  Y a Y  

PU + p v  - = - - (pEy a y )  

(B. l b )  

(B.1c) 

(Bald) 

As in the two-dimensional case,  the enthalpy, H, and mixing ratio,  c, 
may be expressed as  l inear  functions of the velocity, U. The momentum and 
continuity equation may be combined into a single ordinary differential equa- 
tion, defining a self-similar flow, by introducing a s imilar i ty  variable and 
stream function as before. 

The s imi la r i ty  variable is  writ ten 

q =  d X  
X 

where 7 is the t ransformed radial  coordinate 

, Y  

Y = j  - dY (B*3 1 
YO 

Y O  

and y 
stream function is  writ ten 

is the rad ia l  coordinate of the mean surface in  the layer. The 
0 
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and the continuity equation is  satisfied by writing 

= - p v y  - a+  
ax - 2  a+ P U Y  aY 

The velocity components in  t e r m s  of the new variables  a r e  given 
by 

'eu, df p u = -  - 
2 drl 

9 
yo df ~ - - 2 f  i 'eu, 

2cr Y "  drl L 

p v = -  - 

In particular,  the entrainment coefficient 

(B.7) 

where y. i s  the radial  coordinate of the inner  edge of the mixing layer. 

As in the two-dimensional case ,  it is necessary  to  know the be- 

1 

havior of the eddy-viscosity coefficient before the momentum equation can 
be written. 
phenomena which define E a r e  essentially determined by the local flow 
conditions, and on this bas i s  a r e  not affected by the t r ansve r se  curvature  
of the flow. 

F o r  this purpose we postulate that  the turbulent t ranspor t  

Thus we wri te  
c N 

P 
E = k 21 P ue  (B. 9 )  

L 

with b again the local thickness of the layer  and postulate that the value 
of k is  the same as  in  the two-dimensional flow. 

The momentum equation t ransformed to an  ordinary differential 
equation i s  then 

r 

(B. 10) 

In order  to obtain an  equation of the f o r m  (35) ,  it i s  necessary  to  
make an approximation. If the thickness of the mixing layer  i s  small 
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. 

compared with the rad ia l  coordinate of the mean surface,  the t e r m  
( y / ~ , ) ~  va r i e s  only a small amount on each side of unity. We therefore  
equate i t  to unity and neglect i t s  var ia t ion 
(35) is then obtained i f  

An equation identical with 

1 r' % - 
2k6 (B.11) 

A comparison of this expression with the corresponding formula (34) 
for  the two-dimensional flow shows that 

Q) = 2 v  (B. 12)  

o r  that the r a t e  of spread of the conical layer is half that of the two- 
dimensional layer. 

The flow in a mixing layer  whose mean surface is a cone is thus 
similar to  that in  a two-dimensional layer, since i t  is governed by the 
same differential equation (35). 
for  e i ther  geometry may be applied to  the other by use  of the t ransforma- 
tion developed here. 
the two flows i s  

Calculations o r  measurements  obtained 

In par t icular ,  the ratio of entrainment coefficients in 

(B. 13) 
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APPENDIX C 

Correction of Mixing - Layer  Growth Measurements  
Obtained in  a Round J e t  

The measurements  on turbulent mixing l aye r s  reported by 
Maydew and Reed (Ref. 2) were  obtained at the edge of a round j e t  ex- 
hausting into st i l l  air. 
data as i f  they had been obtained in  a two-dimensional flow. 
assumption i s  good i f  

In their  discussion, these authors  t r e a t  the 
This  

(a) the mixing l aye r s  a r e  thin compared with the 
diameter  of the j e t  

(b) the mean surface of the mixing layer  is  cylindrical 
(i.e., does not i nc rease  i n  d iameter )  

Condition (a) i s  reasonably well satisfied nea r  the exit of the nozzle f r o m  
which the j e t  flows. 
conical spread of the j e t  begins immediately f r o m  the nozzle exit so  that 
condition (b) i s  not satisfied. 

Examination of the data shows, however, that a 

The effects of this conical spread  on mixing layer  growth may be 
described qualitatively as  follows. 
region surrounding the j e t  i s  absorbed not only by a growth in  the thick- 
nes s  of the mixing layer ,  but a l so  by a n  inc rease  in  its la te ra l  dimensions,  
o r  j e t  perimeter.  
it would be  i f  the flow were  two-dimensional, o r  ax isymmetr ic  with a 
constant per imeter ,  i f  the entrainment rate remains  fixed. 

Fluid entrained f r o m  the still-air 

Thus the r a t e  of i nc rease  of the thickness i s  less than 

The transformation developed i n  Appendix B shows that the 
assumption of a fixed entrainment r a t e  is  a good one, since for  these 
layers  (yi/yo 
and two-dimensional layers  a re  identical 

I )  equation (B.13) s ta tes  the entrainment r a t e s  of conical 

An approximate correct ion to  the resu l t s  published i n  Ref. 2 may 
be calculated by assuming that this resu l t  holds in  the conically divergent 
flow f r o m  a round nozzle. 
of the mixing layer  may be writ ten 

In such a flow the equation of the mean sur face  
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and the total fluid entrained up to station x i s ,  for a thin layer ,  

= z n p u  x c  (cl t p 2 x )  1 
e e  9 

The total quantity of entrained fluid ca r r i ed  along by the mixing 

In t e r m s  of the shape-parameter B defined by equa- 
layer  at any station is proportional to  the local thickness b* and the 
per imeter  2 n  yo. 
tion (48) we may wri te  

Equating this to  (C .3 )  and 

1 
2 2  c1 t - c  x 

c 1 t  c z x  
b1 I: B c  x (C. 5) 9 

Now in  two*dimensional flow, equation (53) shows that the mixing layer  
width b grows according to the equation 

If we assume,  then, that the value of B in the flow of the round j e t  i s  the 
same a s  in the two-dimensional flow, we can reduce the measured values 
of b' to  equivalent two-dimensional thicknesses by computing 

c l t c  x 

c1 t p 2 x  
b =  -1 2 b'  (C. 7 1 

Note that fo r  a conical flow start ing f rom a pointed nose this expression 
becomes 

which is exactly equivalent to  the transformation of Appendix B, if the 
mixing layer  is very thin. 

The correct ion (C.7) has  been applied point-by-point to the b' 
measurements  of Ref. 2 and values of the spreading parameter  r* have 
been obtained f r o m  plots of b against  x. 
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APPENDIX D 

I 48 

Application of the Howa rth-D o r  odnit syn Transformation 
to  Mixing Layers  in  Compressible Flow 

As noted in the review of mixing layer  theory, u se  of the value 
N L 2 in the formula (26) for the eddy-viscosity coefficient allows the 
basic  differential equation (35) to  be t ransformed to  the incompressible 
f o r m  (36). 

The required transformation is 

Y = j  P - 
P e  

where pe i s  the density of the moving stream. 
we obtain the equation 

With this t ransformation 

d 2f t T ' 0  d3f 

2 f  dy2 dY 

i f  the spreading parameter  is chosen to  be 

1 
4k6 c = -  

as before. The transformed boundary conditions a r e  

f '  (t o(1) = 2 f *  (e m) = 0 

and define the solution of (D.2) corresponding to  a mixing layer  in  incom- 
pressible flow. 

Since f ( - 0 0 )  i s  thus unaffected by compressibil i ty,  any such effects 
on the entrainment coefficient 

must appear due to  changes in  re 
obtained f r o m  the transformation, 

No information about this can be 

A possible method of proceeding with this theory i s  to  borrow f rom 
the results of the corresponding theory for  the fully developed round jet. 
Boynton (Ref. 16) has  correlated j e t  spreading data i n  a fo rm equivalent 
to  writing 

/ye V 03 'V 'l'te 



Here  the factor  d w  was deduced f rom the transformation b 
ing a momentum conservation law. The remaining factor d e w ? i s  
obtained as an approximate fi t  t o  data obtained at two Mach numbers. 
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